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Introduction .. 

Let  S  be  a  piece  of  smooth  two-dimensional  surface,  and  let  T  be 
a  closed  curve  which  bounds  a  simple  region  on  S.  Let  <^(r)  and 
*(&>  be,  respectively,  the  length  and  area  of  T  and  .  A.  Huber 
has  proved  in  [l]  the  general  inequality 


(1) 


where  p+  is  the  surface  integral  of  the  Gaussian  curvature  K  of  S, 
evaluated  over  that  part  of  where  K  >  0. 

Equality  holds  in  (l)  if  and  only  if  K  =  0  in  ^  and  r  is  a 
geodesic  circle;  thus  the  estimate  is  not  a  sharp  one  unless  the  Gaussian 
curvature  vanishes  identically  on  S. 

One  might  suspect  at  first  glance  that  (l)  would  be  improved  on 
replacing  p+  by  p,  the  total  curvature  or  curvatura  Integra  of  1 
The  inequality  obtained  in  this  way  would,  however,  be  incorrect.  For 
example,  we  may  choose  for  r  a  unit  circle  on  a  plane,  and  then  deform 
the  plane  interior  to  the  concentric  subcircle  of  radius  l/2.  This  does 
not  affect  p,  but  the  deformation  can  always  be  arranged  to  make  the 
left  side  of  (l)  as  small  as  desired.  Neither  can  one  assert  in  any 

sense  the  existence,  in  general,  of  curves  for  which  — r  <  kn  -  2p, 

+  d  ‘ 
since  p  =  p  on  any  surface  of  non-negative  curvature. 

Nevertheless,  the  quantity  -  2p  does  in  some  cases  occur  in  a 
natural  way  in  connection  with  a  relation  of  the  form  (l). 


To  make  the  idea  clear,  consider  a  circular  cone  of  vertex  half¬ 
angle  a,  and  a  circle  of  radius  r  on  the  cone.  We  compute  easily, 

<£■  (r)  =  2nr,  r)  =  jtr^  esc  a,  u(r)  =  p.  =  2n(l  -  sin  Ct),  and  hence 
/  2/  \ 

v~—,± .  /-  =  kn  -  2^i.  This  does  not  contradict  Huber's  theorem,  as  the 


surface  is  singular  at  the  vertex.  If  the  cone  is  smoothed  out  near 
this  point,  we  obtain 


(2) 


=  +  o(l) 


as  r  -»®.  Since  this  estimate  is  obviously  independent  of  how  the 
smoothing  is  accomplished,  we  see  that  a  result  of  this  type  can  be 
expected  to  hold  also  for  surfaces  on  which  the  curvature  is  of  mixed 
sign. 

We  shall  show  in  this  paper  that  if  "circles"  on  the  surface  are 
defined  with  respect  to  global  conformal  parameters  on  S,  then  an 
estimate  of  the  form  (2)  is  true  for  every  complete  simply-connected  open 
surface  on  which  the  curvature  is  absolutely  integrable.  If  certain 
smoothness  hypotheses  are  satisfied  by  S  at  infinity,  then  these 
"circles"  become,  up  to  terms  of  negligible  order,  curves  which  are 
equidistant  from  a  fixed  point  on  S.  In  this  sense,  the  image  of  a 
large  circle  in  a  plane  on  which  S  is  represented  conformally  will  be 
a  "circle"  on  S.  As  corollaries  of  the  method,  asymptotic  estimates 
for  the  lengths  of  the  images  of  circles  and  of  radial  lines  in  such  a 
reference  plane  are  given,  depending  only  on  the  curvatura  Integra. 

Under  some  conditions,  estimates  above  or  below  for  the  local  stretching 
in  the  mapping  can  also  be  given.  Also,  new  proofs  are  obtained,  in  the 
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case  considered  here,  of  theorems  of  Cohn-Vossen  [2],  Blame  and  Fiala  [3]> 
and  Huber  [4] . 

The  demonstrations  have  turned  out  to  be  considerably  more  intricate 
than  I  had  at  first  anticipated,  for  the  results  can  be  obtained  relatively 
easily  when  the  curvature  vanishes  outside  a  compact  subset  of  S.  It 
seems,  however,  desirable  to  present  the  material  in  the  generality 
imposed  by  the  most  natural  geometrical,  assumptions. 

It  is  hoped  that  the  methods  of  this  paper  will  find  application 
also  in  other  problems  elated  to  the  geometry  of  two-dimensional  surfaces. 
One  possibility  would  be  to  study  again  some  of  the  problems  considered 
by  Huber  in  [4]  with  a  view  to  providing  new  and  perhaps  simpler  demon¬ 
strations.  We  have,  however,  not  carried  out  this  program. 

I  should  like  to  thank  my  colleagues,  Professors  T.  Frankel  and 
C.  Loewner,  for  many  stimulating  conversations.  I  am  indebted  particularly 
to  Professor  P.  Malliavin  for  a  suggestion  which  has  led  to  a  considerable 
improvement  of  my  original  results. 

1.  Preliminary  remarks;  notation  and  definitions: 

By  an  abstract  surface  S  we  shall  mean  an  open  Riemannian  manifold 
whose  metric  is  defined  in  terms  of  local  parameters  5,  ^  by  a  positive 
definite  quadratic  form 

(5)  ds2  =  E(|,  tj)  di2  +  2F(£,  t|)  dCdq  +  G(|,  t,)^2  . 

Such  a  surface  is  in  particular  a  Riemann  surface  with  angle  defined 
locally  by  the  given  metric.  We  shall  assume  that  S  is  simply  connected. 
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and  in  this  case  S  can  be  mapped  conformally,  in  the  metric  (3),  either 
onto  the  unit  disc  jz|  <  1  (hyperbolic  case)  or  else  onto  the  entire 
z-plane  (parabolic  case).  We  write 


2  _  g2u(x,y) 


ds  = 


(dx2  +  dy2)  *  e2u^|dz|2 


=  X2(z) |dz |2 


Here  we  have  used  z,  as  we  shall  throughout  this  paper,  to  denote  both 
the  complex  variable  x  +  iy  and  the  pair  of  numbers  (x,  y) . 

From  a  knowledge  of  E,  F,  G  as  functions  of  local  parameters  one 
can,  by  the  Theorems  Egregium,  calculate  the  Gaussian  curvature  K  at 
each  point  of  S.  In  terms  of  the  ccnformal  parameters  z,  this 
relation  takes  the  form 


K 


o  p 

-2ufd  u  d  m 

'  V  dy2 


-2u 

e 


Au 


Thus,  the  curvatura  integra,  or  surface  integral  of  the  Gaussian  curvature, 
over  some  region  $)  on  S,  is  expressed  by 


n($)  *  -  /  Au  dxdy 


the  integration  being  taken  over  the  corresponding  region  in  the  z- 
plane.  This  relation  defines  a  mass  distribution  or  measure  over 

S,  such  that  the  total  mass  )i(s)  =  u  is  the  curvatura  integra  of  S. 

We  shall  suppose  that  the  positive  and  negative  mass  associated  with  S 
are  individually  finite,  thus 


T  = 


|Au|  dxdy  <  °°  . 


k 


We  shall  consider  surfaces  S  which  are  complete  in  the  sense  of 
Hopf-Rinow  [5],  that  is,  every  divergent  path  on  S  has  infinite  length. 

A  path  on  S  is  said  to  be  divergent  if  it  is  the  topological  image 
p  =  p(t)  of  a  half -open  interval  0  <  t  <  1,  and  if  p(t)  lies  outside 
any  given  compact  set  on  S  for  all  t  sufficiently  close  to  1.  Under 
our  assumptions,  we  shall  provide  new  proofs  of  the  known  facts,  that 
U  <  2n  and  S  is  conformally  parabolic. 

In  order  to  minimize  technical  complications,  we  assume  throughout 
this  paper  that  all  entering  functions  are  sufficiently  regular  to  justify 
the  operations  which  are  performed.  This  will  be  guaranteed,  for  example, 
if  E,  F,  and  G  are  in  the  HBlder  class  C  with  respect  to  suitable 
parameters.  Most  of  our  results  are  however  independent  of  smoothness 
considerations,  and  hence  will  be  true  for  all  surfaces  whose  curvature 
is  defined  and  integrable,  and  for  which  E,  F,  G,  can  be  approximated 
by  smooth  functions  such  that  the  mappings  converge,  and  such  that  the 
integral  curvature  over  an  arbitrary  open  set  converges  in  L^,  to  the 
given  one.  Such  surfaces  include,  for  example,  polyhedra  in  which  the 
curvature  is  concentrated  at  isolated  singular  points. 

Throughout  this  paper  the  symbols  A  and  C  are  used  to  denote 
constants,  the  value  of  which  may  change  even  within  a  given  context. 

Thus,  from  |z|  <  A(l  +  |£|)  we  may  conclude  |z|  <A  |£|  for  |£|  >  1. 
The  symbols  e  and  6  will  be  used  in  a  similar  sense,  but  will  usually 
represent  small  quantities. 

2.  A  theorem  on  conformal  type: 

The  following  result  is  contained  in  Huber  [k,  Theorem  15].  In  the 
case  required  for  this  paper,  it  is  possible  to  give  a  relatively  simple 
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demonstration,  which  we  present  below. 


Theorem  2.1:  If  an  open  simply-connected  Riemann  surface  S  admj t»  j 
complete  conformal  metric  e^z^|dz|,  and  if  T  <  »,  then  S  is 
parabolic. 

Proof:  If  S  were  not  parabolic,  it  could  be  represented  conformally 
on  the  unit  disc  2  :  |z|  <  1.  Corresponding  to  the  subcircle  2r:|z|  <  r 
we  would  have  the  representation,  valid  whenever  |z|  <  r, 


u(z) 


i)  dn(0  +  hr(z) 


where  u(£)  is  the  associated  measure,  g(z;  £)  is  the  Green's  function 
for  the  unit  disc,  and  hr(z)  is  harmonic.  Since  by  assumption, 

T  |du(£) |  <  ®,  the  integrals  converge,  uniformly  in  any  2  ,  as 

ro 

r  -» I.  Since  u(z)  does  not  depend  on  r,  we  conclude  that 

hr(z)  -»h(z),  again  uniformly  in  any  2f  ,  where  h(z)  is  harmonic. 

o 

Thus, 


u(z) 


-  g(zi  5) 


d»i(5)  +  h(z)  . 


This  relation  contradicts  the  assumed  completeness  of  the  metric. 
For  conBideri^the  analytic  function 


w  =  F(z)  »  I  e 

Jo 


1  h(z)+iii(z) 


dz 


defined  in  2,  where  h(z)  is  a  harmonic  function  conjugate  to  h(z) 
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\ 


I 


t 

I 


in  £.  F(z)  maps  the  unit  disc  onto  an  unbranched  Riemann  surface  over 

the  w-plane,  and  takes  z  =  0  into  the  origin  0  in  some  sheet  of  the 

surface.  Consider  now  all  rays  which  originate  at  0  in  the  v-plane. 

Not  every  such  ray  can  be  extended  to  infinity  in  the  Riemann  surface, 

for  this  would  imply  that  the  entire  plane  is  a  sheet  of  the  surface, 

and  the  inverse  mapping  would  determine  a  bounded  analytic  function  over 

the  plane.  Hence  at  least  one  such  ray  y  meets  the  boundary  at  a 

w 

finite  point  P.  Denote  by  y  the  inverse  image  of  y^.  Then, 


eh(z) 


ev[z(w)] 


} 


where  we  have  set  v(z)  =  u(z)  -  h(z) .  We  shall  show  that  under  the 
hypotheses,  the  last  integral  on  the  right  is  finite,  thus  establishing 
the  existence  on  S  of  a  divergent  path  of  finite  length.  To  do  thiB, 
we  study  the  function 


v(z)  =  -  /  g(z;  £)  d|i(£)  *  -  f  Oi)  dm(o))  =  v[z(w)]  »  V(v) 

E  T7 

where  $(wj  oo)  is  the  Green's  function  for  the  image  1  T  of  Z,  and 
dm(co)  is  the  corresponding  mass  distribution  over  ]  f.  We  shall  need 
two  preliminary  results,  for  which  we  postpone  the  demonstrations: 


Lemma  2.1:  There  exists  a  finite  constant  C,  depending  only  on  IT, 
on  P,  and  on  S,  (6  small) ,  such  that  whenever  w  and  u>  have 
distances  respectively  less  than  5/2  and  8  from  P,  then 


$  (»!  ») 


<  b  ^  r- 

WCD 


+  c]. 
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3>m7nfl  P.P.-  There  exists  a  finite  constant  C,  depending  only  on  TT> 
on  P,  and  on  8,  such  that  whenever  |w  -  p|  <  b/k  and  |u>  -  P|  >  5, 
then  |  (vf  a>)  |  <  C. 

To  complete  the  proof,  choose  8  <  ^  and  so  small  that  the  total 

mass  /  |dm(co)|  interior  to  the  circle  2-  of  radius  8  about  P 

is  smaller  than  2k.  Denote  the  part  of  r  which  lies  interior  to 

w 

£g/2  by  7,  and  let  a(M)  be  the  measure  of  that  set  on  y , 

in  which  |v(w)|  >  M.  We  then  have,  by  the  above  lemmas 


MCt(M)  <  /  |v|  |dw|  < 


f  (  f  (C  +  log  ~-)  | dw |  \  |dm(o))| 
2n  JZ6  wu>  J 


+  CT  a(M) 


with,  as  before,  T  =  j  [dm(cn)  |  =  I  |dji(£)|.  Now  the  integral  in 

JTT 

brackets  on  the  right  is  clearly  maximized  when  the  set  is  an 

interval  containing  o>  at  its  mid  point.  Thus, 


J  (C  +  log  ~)  j  dw  j  <  (l  +  c)  a(M)  +  a(M)  log 


so  that,  letting  8 


=  2*  l. 


|<iin(cJo)  | ,  (p  <  1),  we  have 


M  <  C  +  P  log 


m 


for  some  (new)  constant  C.  Hence 


a(M)  <  C  e 


■¥ 
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ad  M-»«.  Therefore,  we  may  write 


dM  <  ® 


and  we  conclude  that  the  length  of  the  path  7  is  in  the  given  metric 
finite. 

It  remains  only  to  prove  the  Lemmas  2.1  and  2.2.  We  observe  first 

that^/ 

^(wj  oj)  =  —  log  +  Of^w;  cn)  +  a  (w>  a>) 

,4  Wi> 

where 


71  and  7g  being  the  parts  of  the  boundary  of  TJ  lying,  respectively, 
interior  and  exterior  to  .  Thus,  since  6  <  l/2. 


0  <  %)( w;  u))  <  log  — -  +  a2(v i  00)  . 

VU3 


For  fixed  w  e  £^y2  0  1  l">  a2^wi  00 )  is  harmonic  and  bounded  in 
Z8  Orr,  |oe2(  wj  00)  |  <  A  <  ®  in  this  region.  By  the  mean  value  theorem, 
the  change  in  boundary  date  for  ag(wj  a>)  as  w  moves  in  £&y2  does 
not  exceed  — - —  hence  by  the  maximum  principle  for  harmonic 
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Icf^wj  a>)  |  <  A  +  2  in  Eg  D  ]  uniformly  for  all  w  in 
This  proves  Lemma  2.1. 

From  the  above  discussion  we  see  that  \oc^(v‘f  co)  |  <  A  +  2  if 
w  e  E  g^2  f~)  ]  [,  and  Ob  lies  on  the  boundary  Tg  of  E  ^  .  Thus 
jty  (w;  a))  is  uniformly  bounded  on  Tg .  Since  tty  (w;  cu)  =  0  on  the 
boundary  of  "f  f  and,  for  the  given  choice  of  w,  is  harmonic  in 
(R  -  £g)  D  T"T>  (R  being  the  whole  space),  Lemma  2.2  follows 
similarly  from  the  maximum  principle.  This  completes  the  proof  of 
Theorem  2.1. 


functions, 

fy2nrr- 


3 •  Estimates  of  length  and  area: 

We  derive  first  estimates  of  these  quantities  from  below,  which  are 
valid  for  arbitrary  surfaces.  Let  the  surface  S  be  represented  con¬ 
formally  on  a  plane  region  which  includes  the  disc  E^:  |z|  <  r.  Let 

Tr  be  the  boundary  of  Ef  and  let  ^,(r)  and  r)  be,  respec¬ 
tively,  the  length  of  the  inage  7f  of  on  S  and  the  area  bounded 

by  y  .  Let  eu^  be  the  local  length  ratio  in  the  mapping. 

Theorem  3»1?  Under  the  above  hypotheses,  there  always  holds 


<^<r> 


U 


>  2n  e  r  exp 


2u 


>  2n  e 


fr  f  1  fO 

Jo  cexpr«io  ~ 


dp 


where  uQ  =  u(0)  and  p(E^)  is.  the  curvatura  Integra  over  E^. 
Equality  holds  if  and  only  if  u(z)  is  a  function  only  of  r. 


10 


Proof:  Let  |j  be  the  measure  associated  with  u(z).  From  the  relation 

2u 

Au  =  -Ke  we  conclude 


l  a*‘-M(sp>--/r  Sas--p^/rude 


where  |i(Zp)  is  the  curvatura  Integra.  Hence 


i.  r 

2n  Jo  p  ^  2«r  Jp 


uds  -  u 


5?/r  (u  ■  uo>dB  -  S?/r  loge 


(u-Uo) 


ds 


s10*^/  e 

1  r 


(u-u  ) 


ds 


from  which  the  first  inequality  follows.^ 

The  second  relation  is  proved  similarly.  In  fact,  we  write 


(u  -  u  )ds 
o 


2(u-u  ) 

log  e  ds 


<  \  log 


2(u-uq) 

e 


ds  . 


Thus, 


_1_  *  dir) 

2xr  dr 


from  which  the  result 


follows  on  a  further  Integration. 
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Corollary:  Let  S  be  simply  connected  and  conformally  parabolic,  and 
suppose  that  n(£r)  <  2*  for  all  sufficiently  large  r.  Then  S  haa 
Infinite  area. 

The  proof  Is  immediate  from  the  second  inequality  of  Theorem  3-1, 
for  under  the  assumptions  S  can  be  mapped  onto  the  entire  finite  plane. 

Remark  1:  If  S  is  in  addition  complete,  and  if  the  curvature  is 
absolutely  integrable  over  S,  then  lim  n(Z  )  <  2 n,  cf.,  Huber 

r  -» oo 

[kf  Theorem  10],  also  the  corailary  to  Theorem  J.k  in  this  paper. 

Remark  2:  There  exist  complete  surfaces  S  with  finite  area,  which 
satisfy  all  the  above  hypotheses  except  the  assumption  n(E  )  <  2 «  for 
all  large  r.  An  example  is  provided  by  the  conformal  metric 
1  dz  I 

ds  -  ( Yz  |  ~1 )  log  Hz' 1"  V~2 )  over  the  Z-Plane*  See  Huber  [^»  p*  6l ]. 

If  the  surface  S  is  assumed  complete  and  of  finite  total 
curvature,  the  inequalities  in  Theorem  3.1  can,  essentially,  be  replaced 
by  equalities.  This  is  the  content  of  our  next  result. 

Theorem  3>2:  Let  S  be  a  complete,  simply  connected  open  surface, 
over  which  the  curvature  is  absolutely  integrable.  Then  S  can  be 
represented  conformally  on  the  whole  z -plane,  and  in  each  such  UffiBlUK 
the  relation 


is  asymptotically  satisfied  as  r-»«.  If  in  addition  S  has  infinite 
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area  (cf . ,  the  Corollary  to  Theorem  3.1).  then 


(5) 


- 


2n  e 


2u  +o(l) 
o  v  ' 


fo  CeltP[‘«/o 


P  »i(ET) 


dx  >  dp 


Theorem  3* 2a:  Let  S  be  a  complete ,  simply  connected  open  surface 

4/ 

for  which-'  T  <  “  and  -»  <  p  <  2«,  p  =  curvatura  Integra.  Then  S 
can  be  conformally  represented  on  the  whole  z -plane  and  In  each  such 
mapping  there  holds  asymptotically  for  large  r. 


(6) 


a™ 


O  2  2 

2«  r  e 


2« 


2uo+o(l) 

-  P 


exp 


P 


Proof  of  Theorem  3.2:  The  first  statement  of  the  theorem  follows  from 
Theorem  2.1.  In  any  representation  on  the  z -plane,  we  then  have  for  the 
logarithm  of  the  local  length  ratio, 

u(z)  «  u(0)-  gj-  J  log  |l  -  ||  dp(£) 

£r 

+  h  (z)  -  h  (0) 
r  r 

for  any  r,  where  hr(z)  is  harmonic  in  Zr»  The  integral  converges 
absolutely  as  r  -*<*>,  and  we  obtain  as  in  the  proof  of  Theorem  2 . 1, 

u(z)  =  u(o)  -  ^  J log  |l  -  ||  dp(^)  +  h(z)  -  h(o) 

the  integration  being  taken  over  the  entire  z -plane.  We  introduce 


13 


again  the  mapping 


v  .  F(z)  .  r  dz  , 

J  o 

and  consider  all  rays  on  the  unbranched  Riemann  surface  defined  by 
F(z),  starting  at  the  image  of  the  origin.  If  there  should  be  one 
such  ray  which  cannot  be  extended  to  infinity,  the  method  of  proof  of 
Theorem  2.1  shows  that  the  inverse  image  of  this  segment  is  a  divergent 
path  of  finite  length,  thus  contradicting  the  assumed  completeness. 

We  omit  details.-^/  Therefore  all  segments  extend  to  infinity,  bo  that 
one  branch  of  the  Riemann  surface  necessarily  covers  the  w- plane.  But 
the  inverse  image  of  F(z)  is  by  the  monodromy  theorem  single  valued. 
We  conclude  that  F(z)  S  Az  for  a  suitable  constant  A,  and  therefore 
h(z)  s  const.  Thus, 

u(z)  =  u(0)  -  J  log  |l  -  dn(£) 

for  all  z.  We  base  the  proof  of  the  theorem  on  this  representation. 
Let  |  z  j  s*  r  and  write 


(7)  u(z)  =  u(0)  +  u^z)  +  ug(z) 

where 

ul( z)  =  jg  /  log  I—  I  MC) 

Sr/2 

u2(z)  =  Jr  log  |Z  ^1  <iM-(C) 

^r/2 

being  the  exterior  of 
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In  \f2>  we  have  loS  \1'  ^'1 


=  log 


-  log  |1 


-ft 


-1 


and 


ME! I  <  t  log  j-i—  + 


ME)  I 


where 


MOI  , 


and  0  <  Tj  <  l/  2  . 


In  the  last  term  on  the  right,  the  integrand  is  hounded,  hence  for  a 
suitable  constant  A, 


f  log  ■— L-r;  |dn(C)  |  <  T  log  +  A  J  MO  I 

-'r*  1 1  ±  I  A  “  7|  G? 


'r r/2 


rjr 


If  we  choose  tj  =  rj(r)  tending  to  zero  but  such  that  Tjr  -»«>,  we  see 
that 


f  log  - — ^-77  MOI 

jl  - 


o(l) 


2r 


as  r  -»«. 


Next,  since  |^|  is  bounded  for  |£|  >  g|z|, 


J  log  |||  dji(0  =  J  log  |||  dji(0  +  o(l) 


> 


rr 

=  /  — ^fi-dp  +  0(1) 
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after  an  Integration  by  parts .  Thus 


(8) 


u^z) 


.  ,r  n(E  ) 

&  i  -f-**  ■ 


Consider  now  /  [e 
•*o 


'■«  u2(z) 


f  [e  c  -  1]  dS  for 
-no 

Let  a(M)  he  the  measure  of  the  set  of 


|z|  =  r  and 
9  for  which 


6  =  arg  z. 
|ug(z)|  >  M. 


Then 


Q(0  MOI 


de  . 

For  |£|  >  |  |z|,  |l  -  jr|  <  3,  hence  log  |l  -  ^|  is  bounded  except 
at  z  =  £.  It  follows  that  Q(£)  iB  maximized  when  is  an  Interval 

with  its  mid -point  at  arg  For  this  configuration,  we  compute 


Q(S)  <  A(1  +  | log  a(M)|)  a(M) 


for  sene  constant  A,  and  hence,  from  (9) , 


M  <  (1  +  | log  a(M)|)  s(r) 


where  e(r)  -» 0  as  r  -»«.  We  conclude 
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t! 


a(M) 


for  a  suitable  A.  But 


f  |e°^  ^  d 9  <  f  |eM  -  l|  da(M)  +  /  |e~M 

Jo  ~  “k>0  n>0 


1 


from  which  there  follows  easily 


(10) 


-2n  Ug(z) 


I  |e  c  -  l|  d6  -  o(l) 
Jo 


as  r  -* «. 

We  may  now  write,  for  |z|  ■  r,  by  (7),  (8), 


„  r2it 

<£(r)  •  r  I 
Jo 


eu^  d®  *  re 


u  r2 n  u  (z)  u  (z) 

01  -  1  e  d  de 


f 

Jo 


re 


u  +o(l) 
o 


■Car  =^-J 


■2n  u.(z) 

e  *  dd 


u  +o(i)  r  i  rr 

2*  re  0  exp  ‘ 


by  (10).  This  proves  (4). 

To  prove  (5) ,  observe  that 


L&ill 

dr 


e2u<2>  d.  . 


da(M) 
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®y  (7),  (8),  and  (10),  we  find 


(11) 


dr 


2u  +o(l) 

at  e  0  re 


7  rr  “(V  „ 

Jo  ^'dC 


from  which  (5)  follows  by  an  integration. 

Proof  of  Theorem  3 -2a;  By  Theorem  2.1,  S  can  be  conformally  repre¬ 
sented  on  the  whole  z -plane.  By  the  corollary  to  Theorem  3.1,  S  has 
infinite  area.  Hence  by  Theorem  3.2, 


2u  +o(l)  rr 
Okr)  =  at  e  0 


f  P  F(p)  dp 
Jo 


where 

(12) 

We  have 


F(p) 


(  i  rp  p(£r)  } 

eltP['«/o  ~d,i- 


rr  v?  t  rT  o  p(£  ) 

(13)  P  F(p)  dp  =  ^  F(r)  +  ±  P  F(p)  dp 

Jo  Jo  p 


2  rr  rr 

T  F^r)  +  ^t  J  p  ^  +  2 n  J  (p(£p)“PlPF(p)clp 


Again  using  the  fact  that  S  has  infinite  area,  we  obtain 


[1  -  g“  ♦  e(r)]  p  F(p)  dp  «  ^  F(r) 
Jo 


where  e(r) -» 0  as  r  -»»,  and  from  this  (6)  follows. 
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From  Theorems  3*2  and  3* 2a  we  obtain  immediately: 


Theorem  3»3:  Let  S  be  a  complete,  simply  connected  open  surface,  for 
which  T  <  «  and  -»  <  u  <  2n .  Then  S  can  be  conformally  represented 
on  the  whole  z-plane,  and  asymptotically  for  large  r,  there  holds 


(14) 


=  4n  -  2\i  +  o(l)  • 


We  remark  that  it  is  easy  to  give  examples  of  surfaces  for  which 

u(£  )  -»  u  <  2ft,  for  which  T  =  “,  sued  for  which  (l4)  is  incorrect. 

P 

Theorem  3.3a:  Let  S  be  a  complete,  simply  connected  open  surface  for 
which  ^  =  2«.  Then  if  S  has  infinite  area,  there  holds 


4ft  -  2|a  +  o(l)  . 


Theorem  3-3h:  Let  S  bea  complete,  simply  connected  open  surface  for 
which  u  =  2ft .  If  exterior  to  a  compact  set  on  S  the  curvature  is 
either  non-positive  or  non -negative,  then 


2\x  +o(l)  . 


Proof  of  Theorem  3- 3a:  By  Theorem  5*2, 


_2  2  ^uo+0(l)  o 

^2(r)  =  4rt2  e  0  r2  F(r) 
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where  F(r)  is  defined  by  (12).  By  (13), 


r2  F(r)  =  7  /  WO  -  M- ]  P  F(p)  dp  . 

n  Jo  p 

2u  +o(l)  rv 

By  assumption  r)  =  2n  e  0  /  pF(p)  dp  is  unbounded.  The 

Jo 

result  then  follows  from  the  fact  that  p(£p)  -»  p. 

Proof  of  Theorem  3.3b:  If  p  =  2n  and  K  >  0  at  infinity,  one  sees 
from  Theorem  3*1  that  =  »,  so  that  Theorem  3 -3a  applies.  Suppose 
K  <  0  at  infinity.  By  Theorem  3*1, 


2u  rr  f  ,  rp 

0\ r)  >  2it  e  °  J  p  expj  -  -  J 

2u  fT  _1 

=  2rt  e  0  /  p"“  H(p)  dp 

Jo 


n(*T) 


dp 


defining  H(p).  We  compute 


and  hence,  under  the  assumptions,  <  0  for  all  sufficiently  large 

p.  We  conclude  H  -»  0,  since  otherwise  there  would  hold  /^(r) 

Q  2 

hence  ^  (r)  -»  0,  qed, 


We  study  now  the  image  curves  of  the  radial  lines  emanating  from 
the  origin  in  the  z -plane  on  which  the  surface  S  is  represented  con¬ 
formally.  We  shall  give  asymptotic  estimates  for  the  lengths  L(r)  of 
these  curves  as  the  radial  segments  tend  to  infinity. 
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Theorem  3 .4:  Let  S  a  complete  simply-connected  open  surface  for 


which  T  <  «,  Then  for  any  &  >  0,  there  holds  asymptotically  for  the 
length  on  S  of  the  image  of  a  radial  segment  of  length  r  from  the 
origin  in  the  z -plane, 


(15) 


l-ojr-B 

r  2  <  L(r) 


<  r 


1-^+6 
2rt 


Proof:  We  follow,  essentially,  the  proof  of  Theorem  3-2.  In  the  notation 
of  that  proof,  we  find 


(16) 


^(z) 


dp  +  o(l) 


=  -  2“  log  r  + 


f1 

P  2*  Jo 


1»(X  ) 

- 2-  dp  +  o(l) 


-  -  (£  +  o(l))  log  r  . 


The  length  L(r)  of  the  image  on  S 
and  we  have,  for  large  tq, 


of  a  radial  line  is 


(17) 


u2(z) 


ds  <  e 


u 


o 


r  5*  "2(i) 

i  e  e 


dp 


where  6  and  B+  are  any  two  numbers  such  that  5  <  -  <  8+.  For 

any  6,  we  have 


(18) 


-  1]  dp 
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and  if 


r  <  2r  we  may  write 

—  o 


(19) 


IX 


r  8  u  (z) 

P  (e  2  -  1]  dp 


8 


_  rr  |  u2{z) 

<Cr  jf  |e 


-  1 


dp 


Let  be  the  set  on  [rQ,  r]  where  |ug(z)|  >  M  and  let  a(M)  be 
its  measure.  Then 


a(M)  •  M  <  j  |  u2(z )  |  ds  <J  jd|i&j  j  | log 1 1  -  || 


ds 

z 


2ro 


The  last  integral  is  maximized  for  a  £  such  that  arg  {  =  arg  z.  We 
have,  for  t  =  |~|  and  Eg  the  image  of  E^, 

J  |l°g|l  -  ill  dsz  <  Ul  /  |l°g|l  -  t||  dT  . 

V  '  V  ' 

If  r  <  2rQ,  then  on  the  set  Eg  there  holds  always  |^|  =  t  <  4,  and 
we  obtain 


/  j  log  1 1  -  t|  dT  <  A  Qt*(M)  [1  +  log 

=  A  Qf(M)  [1  +  log  1^-] 


Thus, 


2r 


O(M)  •  M  <  e(r)  •  a(M)  (1  +  log 


where  e(r)  -*  0  as  r  -»»,  from  which 


a(M) 


--r-rM 
<  C  re  ™ 


22 


Hence,  if  r  <  2r  , 
’  -  o' 


[eM  -  1]  da(M) 


+ 


<  C  •  e(r)  •  r 


[e”M-l]dOf(M) 


for  some  constant  C.  Hence  in  this  case,  (19)  becomes 


(20) 


1]  dp 


<  C 


c(ro) 


r 


1+6 

o 


Consider  now  an  arbitrary  r  >  r  ,  and  let  n  be  the  smallest  integer 
for  which  2n  rQ  >  r.  Then  r  <  2n  rQ  <  2r,  and  we  find  from  (20) 


(21) 


ir^w 


-  l]dp 


<  C  •  e(rQ) 


=  C  •  e(ro) 


rJ+B[l  +  21+B  +  2n<1+B>l 
1+6  2(n+l)(l+8)  .  i 

ro  2d+6r— 


✓  1+6 
r r 

if 

5  > 

[  1+6 
^ro 

if 

6  < 

Using  this  inequality,  the  theorem  follows  easily  from  (17)  and  (l8). 

Remark:  The  example  of  the  complete  conformal  metric  ds=log(2+ | z | ) |dz | 
spread  over  the  z -plane,  shows  that  the  constant  5  cannot  in  general 
be  removed  from  the  exponent  in  (15)*  In  this  case  p  *  0  and 
L(r)  =  r  log  r  +  0(r) . 
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Corollary:  Under  the  hypotheses  of  Theorem  3.4,  we  have  necessarily 

P  <  2 it. 

For  otherwise ,  L(r)  would  by  (15)  be  bounded  on  every  radial 
segment,  so  that  S  could  not  be  complete. 

Theorem  3*5:  Let  S  be  as  jLn  Theorem  3.4,  and  let  7  be  a  divergent 
path  on  S.  Let  y be  the  inverse  image  of  7  under  a  representation 
of  S  on  the  z- plane,  and  let  1^(7)  be  the  length  of  that  part  of  7 
such  that  7z  lies  Interior  to  a  circle  _of  radius  r  about  the 

origin.  Then  for  any  6  >  0  there  holds  asymptotically 

1- 

Lr(y)  >  r 

as  r  -*  ». 

Comparing  this  result  with  Theorem  3*4,  we  see  that  the  images  of 
the  radial  lines  in  the  z- plane  behave  asymptotically  as  approximations 
to  geodesics  on  S. 

Proof:  Setting  |(|  *  p,  we  have 

I*  (?)  =  f  ds  >  P  e11^  dp  . 

r  ^702  J  P<r 

'  z  r  — 

This  inequality  will  be  strengthened  if  we  omit  all  arcs  of  7  on 

z 

which  values  of  p  are  repeated;  that  is,  if  the  maximum  values  of  p 

attained  on  7  for  all  arc  lengths  s  <  s  is  p  ,  all  arcs  on  7 

z  —00  z 

for  which  s  >  sq,  P  <  Pq  are  to  be  omitted  in  the  integration.  In 
this  case  the  integration  is  monotonic  in  p  and  the  estimates  in  the 
proof  of  Theorem  3-4  are  easily  seen  to  apply,  so  that  for  the  length 
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L  (7)  of  that  part  of  y  for  which  p  <  r  we  obtain 
•  z 

by  (15)  for  any  6  >  0,  the  stated  result. 


Lr(7) 


>  r 


.  iL.6 
2k 


4 .  A  geometrical  assumption;  sharpening  of  the  above  estimates: 

In  order  to  improve  the  estimate  of  Theorem  3*4,  it  is  necessary 
to  introduce  a  new  assumption  on  the  regularity  of  S  at  infinity. 

Such  an  assumption,  if  it  is  to  be  meaningful,  must  necessarily  involve 
only  quantities  which  can  a-priori  be  determined  in  terms  of  the  intrin¬ 
sic  geometry  of  the  surface,  and  it  should  not  depend  on  properties  of 
the  representations  of  S  on  the  z -plane.  The  simplest  such  hypothesis 
which  is  available  to  us  involves  the  rate  of  de~ay  of  the  curvature  as 
the  point  of  evaluation  moves  to  infinity  on  S.  To  make  this  concept 
precise,  we  select  a  fixed  point  P  of  S,  and  define  the  distance 
cn  from  P  to  Q  on  S  as  the  greatest  lower  bound  of  lengths  of 

y 

6/ 

paths  which  join  P  to  Q  on  S.  We  shall  assume  in  this  section-' 
that  there  are  fixed  constants  C  and  6  >  0  such  that  uniformly  for 
all  Q  on  S,  |k|  <  C  a"2'8. 

Under  this  hypothesis,  we  can  sharpen  our  earlier  estimates. 


Theorem  4.1:  Under  the  hypotheses  of  Theorem  3.4  and  the  additional 

“2 

hypothesis  |k|  <  C  0”  ”  ,  there  holds 


L(r)  =  A  r 


1- JL 
2k 


[1  +  0(r"€) ] 


for  some  positive  constants  A  and  €,  whenever  u  <  2k. 
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Remark:  The  assumption  J K j  <  C  a  cannot  be  deleted,  and  even  an 

~2 

assumption  |k|  <  C(c  log  a)  is  not  sufficient.  This  can  be  seen 

from  the  example  (which  we  have  already  considered  in  another  context) 

of  the  conformal  metric  ds  =  log(2  +  |z|)[dz|  spread  over  the  z-plane. 

For  the  surface  S  defined  in  this  way,  we  have  T  <  00 ,  n  =  0, 

2  -2  -2 

K  =  (r  log  r)  (a  log  a)  ,  L(r)  =  r  log  r  +  0(r). 


Proof  of  Theorem  4.1:  As  point  P  we  choose  the  image  of  the  origin 
in  the  z-plane  (we  are  at  liberty  to  choose  an  arbitrary  P  by  adjust¬ 
ing  the  constant  C)  and  we  consider  a  radial  segment  from  the  origin 
of  length  r  in  the  z-plane,  defining  a  path  PQ  on  S.  Consider  now 
a  smooth  path  joining  P  to  Q  on  S,  whose  length  approximates  the 
distance  cr_  to  Q.  Applying  Theorem  5«5  to  the  inverse  image  of  this 
path,  we  obtain,  for  given  5  >  o  and  large  r,  +  e  >  r  for 

any  e  >  0.  Hence 


°4-r 


as  r  -» <*>. 


-2-6  ^-2-6 

By  assumption,  J K(Q) |  <  ”  <  rrt  (8  not  the  same  in  all 

contexts)  as  r  -»».  Now 


H  =  J  d^i  =  n(£r)  +  f  K  e2u  pdpdS 


where  c  is  the  exterior  of  E  ,  and 
r  r 
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u 


2u 

K  e  pdpd© 


£r 


*1 


«e  ^  -1-B 
P*  dp 


/ 


2u(z) 


d©  . 


The  circuit  integral  on  the  right  equals  p 


■i  afl(p) 

dp 


.  All  the 


hypotheses  of  Theorem  3*2  are  satisfied,  so  we  may  write  from  ( 11) 

1  fp 

,  _  /  T  \  ■ 

/ 


lfP  ^ 

2u  +o(l)  jt  I  x 

d©  =  2jte  e 


2u(z)  _  o 


dt 


2u  +o(l)  -— +o(l) 

o  o  '  it  ' 

=  2ite  p 


by  (1 6).  Thus, 


I/, 


K  e2u^  pdpd© 


<  2*e 


2u  r® 
o 


f  -1-B  2it 
I  P  dp  =  -g- 

•*r 


2u  R 
2it  o  -6 

r e  r 


for  some  8  >  0.  We  have  proved: 


p(Zr)  =  p  +  0(r  ) 


This  estimate  may  be  used  to  replace  the  estimate  (l6)  by  the  more 
precise  relation 


"L< 


z)  =  -  4”  log  r  +  A  +  0(r”&) 

dlt 


as  may  be  seen  by  repeating  the  estimate  of  u^(z)  in  the  proof  of 
Theorem  3»2  for  this  case,  and  hence  to  replace  (17)  hy 


I 


dS  =  eA(l  ♦  0(r-8))  f 

r  Jr 

o  o 


dp 
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The  relations  (l8)  and  (21)  then  yield 


L(r)  =  eA 


[1  +  0(r"6) ] 


> 


the  stated  result. 

Similarly  we  may  prove: 

Theorem  4.2:  Let  S  be  an  open,  complete,  simply  connected  surface 
for  which  T  <  °°,  p  <  2jt,  and  let  S  be  represented  conformally  on 
the  2 -plane.  Then  (cf.  Theorems  3*2,  3*3) 

ul-^r- 

i(r)*2*e°r  2*  [1  +  0(r"6)] 

2  2u  2-^ 

£?(r)  =  e  °  r  *  t1  +  °(r"€)]  > 

if  2/  . 

.  4*  -  2p  +  0(r"€) 


for  some  constant  e  >  0. 

We  omit  details. 

5«  Asymptotic  estimates  for  the  length  ratio: 

We  denote  the  local  length  ratio  in  the  representation  of  S  on 
a  plane  by  X.(z)  =  eU^Z^. 

Theorem  5.1:  Let  S  be  an  open,  complete,  simply-connected  surface 
with  finite  total  curvature  p,  and  suppose  the  region  in  which  K  >  0 
has  compact  support  on  S.  Then  in  any  conformal  representation  of  S 
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I 

f 


m 


"  ST 

on  the  z -plane,  there  Is  a  constant  C  such  that  X.(z)  <  C  r  as 

r  -»  00 •  If  the  region  Is  which  K  <  0  Is  compact  on  S,  then 

_  J£_ 

X(z)  >  C  r  2n  for  some  C. 

Proof:  We.  use  again  the  decomposition  (7)«  Suppose  that  in  a  given 

representation  of  S,  K  <  0  outside  the  circle  Z  .  By  (8),  if 

o 

r  >  r  , 
o 


i  rT  n(£  ) 
ui(z)  =  "  S7  /  dp  +  o(L) 

JO 


,  rr  [i(L  )  ,  ,  rr  m-inijj 

=  .  ±  I  0  : - £—  dp  --L  /  ^  .  i-  /  - £ —  dp+o(l) 

2n  Jo  p  P  2«  Jr  p  dp  +  St  Jr  p 


r  [p-p(E_)] 


By  assumption,  the  last  integral  on  the  right  is  non-postive,  hence 


X-^z)  =  e 


VZ)  <  C  r  2rt 


Consider  now 


UjW  *  "  ST  f  log  ***(0 

•fer/2 


for  r  >  2rQ.  We  may  neglect  the  integration  over  the  region  |z-£|<|£|  , 
since  in  this  region  dp(£)  <  0.  But  if  |z  -  £|  >  |£|  and  £  ^g, 

then  1  <  <  3‘  Thus 


u2(z)  0fl> 
X2(z)  =  e  2  <  e 


which  proves  the  first  part  of  the  result.  The  corresponding  inequality, 

when  K  >  0  outside  Z  ,  is  proved  similarly. 
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I 


r.  Undfer  the 
1-#- 


of  Theorem  5.1,  if  -“  <  u  <  2x, 
1-#- 


then  L(r)  <  C  r  ,  L(r)  >  C  r  respectively,  in  the  two  cases 

considered.  If  p.  =  2k,  then  L(r)  <  C  log  r,  L(r)  >  C  log  r, 
respectively. 


Remark:  If  the  curvature  has  compact  support  on  S ,  then  one  sees 
~  ”  _±L 

-1 

easily  that  X  =  r  [1  +  0(r  )].  Estimates  of  this  type  cannot  be 

expected,  however,  in  a  general  case,  even  under  assumptions  of  the 
type  introduced  in  8  4.  One  may  imagine,  for  example,  a  surface  on 
which  the  curvature  is  concentrated  at  a  sequence  of  points  tending  to 
infinity,  the  surface  appearing  in  the  neighborhood  of  each  such  point 
as  the  vertex  of  a  cone.  Such  a  surface  can  be  constructed  so  that  the 
curvature  tends  to  zero  at  infinity  as  rapidly  as  desired,  but  X,  will 
nevertheless  be  singular  at  each  point  of  the  sequence.  In  order  to 
obtain  asymptotic  estimates  of  the  above  type  on  X.(z)  it  would  be 
necessary  to  introduce  a  new  postulate  on  the  local  smoothness  of  the 
curvature  on  S . 
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FOOTNOTES 


1.  With  reference  to  the  ensuing  discussion,  cf.  Osserman  [6,  Lemma  6]. 

2.  Possible  difficulties  due  to  irregularity  of  the  boundary  can  be 
avoided  by  a  simple  approximation  procedure. 


3.  The  last  step  in  a  consequence  of  a  standard  inequality  between 
arithmetic  and  geometric  means. 


4.  If  n  >  2n  then  S  cannot  be  complete,  cf.  the  corollary  to 
Theorem  3*4. 


5.  The  function  log  |l  -  ^\ ,  considered  as  function  of  (v,  o>) , 
has  all  the  properties  of  the  Green's  function  which  entered  in  the 
proof  of  Theorem  2.1  except  that  it  is  singular  at  the  image  coq  of 
^=0.  However,  one  sees  easily  from  the  maximum  principle  that  for 
w  near  P,  this  function  remains  bounded  on  a  fixed  circle  surrounding 
floQ.  Hence  the  interior  of  this  circle  may  be  deleted  from  the  image 
region  and  the  proof  of  Theorem  2.1  repeated  without  further  change. 


6.  This  assumption  assures  a  sufficient  rate  of  decay  so  that  the 
curvature  is  absolutely  integrable  on  S.  An  assumption  |k|  <  C  a 
would  not  suffice. 
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